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Abstract 

We show that twisting of an infinite straight three-dimensional tube with 
non-circular cross-section gives rise to a Hardy-type inequality for the 
associated Dirichlet Laplacian. As an application we prove certain stabil¬ 
ity of the spectrum of the Dirichlet Laplacian in locally and mildly bent 
tubes. Namely, it is known that any local bending, no matter how small, 
generates eigenvalues below the essential spectrum of the Laplacian in the 
tubes with arbitrary cross-sections rotated along a reference curve in an 
appropriate way. In the present paper we show that for any other rota¬ 
tion some critical strength of the bending is needed in order to induce a 
non-empty discrete spectrum. 
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1 Introduction 


The Dirichlet Laplacian in infinite tubular domains has been intensively studied 
as a model for the Hamiltonian of a non-relativistic particle in quantum waveg¬ 
uides; we refer to 13 El El for the physical background and references. Among 
a variety of results established so far, let us point out the papers EiiniiiiEiiiiiii 
where the existence of bound states generated by a local bending of a straight 
waveguide is proved. This is an interesting phenomenon for several reasons. 
From the physical point of view, one deals with a geometrically induced effect of 
purely quantum origin, with important consequences for the transport in curved 
nanostructures. Mathematically, the tubes represent a class of quasi-cylindrical 
domains for which the spectral results of this type are non-trivial. 

More specifically, it has been proved in the references mentioned above that 
the Dirichlet Laplacian in non-self-intersecting tubular neighborhoods of the 
form 

{x S I dist(x, r) < a} , d>2, (1) 

where a is a positive number and T is an infinite curve of non-zero first curvature 
vanishing at infinity, always possesses discrete eigenvalues. On the other hand, 
the essential spectrum coincides as a set with the spectrum of the straight tube 
of radius a. In other words, the spectrum of the Laplacian is unstable under 
bending. The bound states may be generated also by other local deformations 
of straight waveguides, e.g., by a adding a “bump” 1313 E|. 

On the other hand, the first two authors of this paper have shown recently 
in [3 (see also that a presence of an appropriate local magnetic field in a 
2-dimensional waveguide leads to the existence of a Hardy-type inequality for 
the corresponding Hamiltonian. Consequently, the spectrum of the magnetic 
Schrodinger operator becomes stable as a set against sufficiently weak pertur¬ 
bations of the type considered above. 

In this paper we show that in tubes with non-circular cross-sections the 
same stability effect can be achieved by a purely geometrical deformation which 
preserves the shape of the cross-section: twisting. We restrict to d = 3 and 
replace the definition o by a tube obtained by translating an arbitrary cross- 
section along a reference curve T according to a smooth moving frame of F 
{i.e. the triad of a tangent and two normal vectors perpendicular to each other). 
We say that the tube is twisted provided (i) the cross-section is not rotationally 
symmetric (c/ (0 below) and (ii) the projection of the derivative of one normal 
vector of the moving frame to the other one is not zero. The second condition 
can be expressed solely in terms of the difference between the second curvature 
(also called torsion) of F and the derivative of the angle between the normal 
vectors of the chosen moving frame and a Frenet frame of F (c/ (II2II below); the 
latter determines certain rotations of the cross-section along the curve. That 
is, twisting and bending may be viewed as two independent deformations of a 
straight tube. In order to describe the main results of the paper, we distinguish 
two particular types of twisting. 

First, when F is a straight line, then of course the curvatures are zero and the 
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twisting comes only from rotations of a non-circular cross-section along the line. 
In this situation, we establish Theorem 0 containing a Hardy-type inequality 
for the Dirichlet Laplacian in a straight locally twisted tube. Roughly speaking, 
this tells us that a local twisting stabilizes the transport in straight tubes with 
non-circular cross-sections. 

Second, when T is curved, the torsion is in general non-zero and we show 
that it plays the same role as the twisting due to the rotations of a non-circular 
cross-section in the twisted straight case. More specifically, we use Theorem |21 
to establish Theoremnjsaying that the spectrum of the Dirichlet Laplacian in a 
twisted, mildly and locally bent tubes coincides with the spectrum of a straight 
tube, which is purely essential. This fact has important consequences. For 
it has been proved in ^ that any non-trivial curvature vanishing at infinity 
generates eigenvalues below the essential spectrum, provided the cross-section 
is translated along T according to the so-called Tang frame {cf (tTITl below). 
We also refer to m for analogous results in mildly curved tubes. But the 
choice of the Tang frame for the moving frame giving rise to the tube means 
that the rotation of the cross-section compensates the torsion. Our Theorem ^ 
shows that this special rotation is the only possible choice for which the discrete 
eigenvalues appear for any non-zero curvature of T; any other rotation of the 
cross-section will eliminate the discrete eigenvalues if the curvature is not strong 
enough. In the curved case, we also establish Theorem |5| extending the result 
of Theorem n to the case when also the torsion is mild. 

After writing this paper, we discovered that Grushin has in in a result 
similar to our Theorem Q] Namely, using a perturbation technique developed 
in |1 n| . he proves that there are no discrete eigenvalues in tubes which are 
simultaneously mildly curved and mildly twisted. We would like to stress that, 
apart from the different method we use, the importance of our results lies in 
the fact that the non-existence of discrete spectrum follows as a consequence of 
a stronger property: the Hardy-type inequality of Theorem 0 

The organization of the paper is as follows. In the following Section |21 we 
present our main results; namely, the Hardy-type inequality (Theorem l^l and 
the stability result concerning the spectrum in twisted mildly bent tubes (The¬ 
orems n and [21). The Hardy-type inequality and its local version (Theorems O 
and 21 respectively) are proved in Sectional In order to deal with the Laplacian 
in a twisted bent tube, we have to develop certain geometric preliminaries; this 
is done in Sectional Theorems Q and (21 are proved at the end of Section H In 
the Appendix, we state a sufficient condition which guarantees that a twisted 
bent tube does not intersect. 

The summation convention is adopted throughout the paper and, if not 
otherwise stated, the range of Latin and Greek indices is assumed to be 1, 2,3 
and 2,3, respectively. The indices 0 and r are reserved for a function and a 
vector, respectively, and are excluded from the summation convention. If U 
is an open set, we denote by — the Dirichlet Laplacian in U, i.e. the self- 
adjoint operator associated in Lf{U) with the quadratic form defined by 

Qlm ■■= fu IVV'P, ^ G ■■= nliu). 
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2 Main results 


2.1 Twisted bent tubes 

The tubes we consider in the present paper are determined by a reference 
curve r, a cross-section lo and an angle function 9 determining a moving frame 
of r. We restrict ourselves to curves characterized by their curvature functions. 
Let Ki and K 2 be C^-smooth functions on R satisfying 

Ki > 0 on / and ^2 = 0 on R\/, ( 2 ) 

where I is some fixed bounded open interval. Then there exists a unit-speed 
C^-smooth curve T : R ^ R.^ whose first and second curvature functions are ki 
and K 2 , respectively (c/ |ldl Sec. 1.3]). Moreover, T is uniquely determined 
up to congruent transformations and the restriction T \ I possesses a uniquely 
determined C^-smooth distinguished Frenet frame { 61 , 62 , 63 }. Since the com¬ 
plement of r I" / is formed by two straight semi-infinite lines, we can extend 
the triad {ei, 62 , 63 } to a C^-smooth Frenet frame of F. The components ei, 62 
and 63 are the tangent, normal and binormal vectors of F, respectively, and K 2 
is sometimes called the torsion of F. 

Given a Cg-smooth function 9 on R, we define the matrix valued function 

e._(cos9 -sm9\ 

\^sin 6 » cos 9 )' ^ ’ 

Then the triad {ei, 7 ?. 2 j^e,y, defines a C^-smooth moving frame of F hav¬ 

ing normal vectors rotated by the angle 9{s) with respect to the Frenet frame 
at s G R. Later on, a stronger regularity of 9 will be required, namely, 

0eL°°(R). (4) 

Let w be a bounded open connected set in R^ and introduce the quantity 

a := sup |t| . (5) 

We assume that to is not rotationally invariant with respect to the origin, i.e., 

3aG(0,2^), I (i2,t3)Gw} (6) 

We define a twisted bent tube about F as the image 

n := £(R X w), (7) 

where C is the mapping from R x w to R^ defined by 

C{s,t) ■=T{s)-\-t^TZl^{s)e^{s). (8) 

We make the natural hypotheses that 

a||Ki||oo < 1 and C is injective, (9) 
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so that fl has indeed the geometrical meaning of a non-self-intersecting tube; 
sufficient conditions ensuring the injectivity of C are derived in the Appendix. 

Our object of interest is the Dirichlet Laplacian in the tube, — A^. In the 
simplest case when the tube is straight {i.e. 1=0) and the cross-section uj is not 
rotated with respect to a Frenet frame of the reference straight line {i.e. 6 = 0), 
it is easy to locate the spectrum: 

spec(-A«x-) = [Ai,oo), (10) 

where Ei is the lowest eigenvalue of the Dirichlet Laplacian in lo. 

Sufficient conditions for the existence of a discrete spectrum of — A^ were 
recently obtained in HE]. In particular, it is known from H that if the cross- 
section UJ is rotated appropriately, namely in such a way that 

0 = K 2 , ( 11 ) 

then any non-trivial bending {i.e. 1^0) generates eigenvalues below Ei, while 
the essential spectrum is unchanged. 

As one of the main results of the present paper we show that condition m 
is necessary for the existence of discrete spectrum in mildly bent tubes with 
non-circular cross-sections: 

Theorem 1. Given Cq- curvature functions m, a bounded open connected set 
w C satisfying non-symmetricity condition and a Cg -smooth angle func¬ 
tion 0 satisfying OF’ let Q be the tube as above satisfying m- If 

K2-0^O, (12) 

then there exists a positive number e such that 

||ki||oo + ||ki||oo < e ^ spec{-A%) = [Ei,oo). 

Here e depends on K 2 , 0 and oj. 

An explicit lower bound for the constant e is given by the estimates made 
in Section 14.dl when proving Theorem H we also refer to Proposition H in the 
Appendix for a sufficient conditions ensuring the validity of ©■ 

Theorem H tells us that twisting, induced either by torsion or by a rotation 
different from El, acts against the attractive interaction induced by bending. 
Its proof is based on a Hardy-type inequality in straight tubes presented in the 
following Section 12.21 The latter provides other variants of Theorem m e.g., in 
the situation when also the torsion is mild: 

Theorem 2. Under the hypotheses of Theorem^ with being replaced by 

0^0, (13) 

there exists a positive number e such that 

Ikilloo + ||ki||oo + ||k2||oo < e ^ spec(-A)^) = [Ai,oo). 

Here e depends on 0, uj and I. 

We refer the reader to Section [Sj for more comments on Theorems H and [3 
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2.2 Twisted straight tubes 

The proof of Theorems Q and |21 is based on the fact that a twist of a straight 
tube leads to a Hardy-type inequality for the corresponding Dirichlet Laplacian. 
This is the central idea of the present paper which is of independent interest. 

By the straight tube we mean the product set K x w. To any radial vector 
t = (^ 2 ,^ 3 ) G we associate the normal vector r(t) := (^ 3 , —f 2 ), introduce the 
angular-derivative operator 


dr ■= ts d2 - t2 ds (14) 

and use the same symbol for the differential expression 1 0 on R x cc. 

Given a bounded function cr : K ^ R, we denote by the same letter the 
function ct ( 8 ) 1 on R x tu and consider the self-adjoint operator associated on 
L^(R X w) with the Dirichlet quadratic form 

Icrl'i/j] := \\diijj -adripW^ + ||92^/>f -f WdsipW^ , (15) 

with ij} G D{la) := Hj(R x u), where || • || denotes the norm in L^(R x u). 

The connection between Lo- and a twisted straight tube is based on the fact 
that for a — 0, L„ is unitarily equivalent to the Dirichlet Laplacian acting in a 
tube given by 0 for the choice r(s) = (s, 0, 0), after passing to the coordinates 
determined by This can be verified by a straightforward calculation. 

If cr = 0, Lq is just the Dirichlet Laplacian in R x w, its spectrum is given 
by 113 and there is no Hardy inequality associated with the shifted operator 
Lq — El. The latter means that given any multiplication operator V generated 
by a non-zero, non-positive function from (^“(R x tu), the operator Lq — Ei + V 
has a negative eigenvalue. This is also true for non-trivial a in the case of 
circular w centered in the origin of R^, since then the angular-derivative term 
in m vanishes for the test functions of the form g) ® Ji on R x w, where J\ 
is an eigenfunction of the Dirichlet Laplacian corresponding to Ei. However, in 
all other situations there is always a Hardy-type inequality: 

Theorem 3. Letuj be a bounded open connected subset o/R^ satisfying the non- 
symmetricity condition W- Let a be a compactly supported continuous function 
with bounded derivatives and suppose that a is not identically zero. Then, for 
all if G X uj) and any sq such that cr(so) 0 we have 

lcr[lp]- El\\lf\\'^ > Ch f dsdt, (16) 

Jrxu; 1 + (s - So)^ 

where Ch is a positive constant independent of if but depending on sq, a and uj. 

It is possible to find an explicit lower bound for the constant cu; we give an 
estimate in (123. 

The assumption that a has a compact support ensures that the essential 
spectrum of La- coincides with m- As a consequence of the Hardy-type in¬ 
equality 113, we get that the presence of a non-trivial a in 113 represents a 
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repulsive interaction in the sense that there is no other spectrum for all small 
potential-type perturbations having 0{s~^) decay at infinity. 

As explained above, the special choice a = 9 leads to a direct geometric 
interpretation of Ln in connection with the twisted straight tubes. As another 
application of Theorem |3 we shall apply it to the twisted bent tubes, namely, 
with the choice a = k ,2 — 9 to prove Theorem ^ and with a = 9 to prove 
Theorem 121 (c/ Section ita . 

3 Hardy inequality for twisted straight tubes 

It follows immediately from and the inequality 

(17) 

that the spectrum of does not start below Ei . In this section, we establish the 
stronger result contained in Theorem|21in two steps. After certain preliminaries, 
we first derive a “local” Hardy inequality (Theorem Then the local result is 
“smeared out” by means of a classical one-dimensional Hardy inequality. 

3.1 Preliminaries 

Definition 1. To any w G we associate the number 

“ Mu:, ’ 

where the infimum is taken over all non-zero functions from TLq{uj). 

It is clear from cu that A is a non-negative quantity. Our Hardy inequality is 
based on the fact that A is always positive for non-circular cross-sections. 

Lemma 1. If uj satisfies W: then A > 0. 

Proof. The quadratic form b defined on T^(w) by 

b[(p] := II — El ||‘^||i2(„) -I- ) T G D{b) := , 

is non-negative {cf itTTIl 'l. densely defined and closed; the last two statements 
follow from the boundedness of r and from the fact that they hold true for 
the quadratic form defining the Dirichlet Laplacian in u. Consequently, b gives 
rise to a self-adjoint operator B. Moreover, since B > — A)(, — Ei, and the 
spectrum of — A)(, is purely discrete, the minimax principle implies that B has 
a purely discrete spectrum, too. A is clearly the lowest eigenvalue of B. Assume 
that A = 0. Then, firstly, the ground state of H and —A'j), coincide, hence 
if is analytic and positive in w; secondly, we have dryz = 0. This implies that 
the angular derivative of ip is zero. Together with our assumption on oj we 
can conclude that there is a point in io where (p vanishes. This contradicts the 
positivity of (p. □ 
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Next we need a specific lower bound for the spectrum of the Schrodinger 
operator in a bounded one-dimensional interval with Neumann boundary con¬ 
ditions and a characteristic function of a subinterval as the potential. 

Lemma 2. Let K he a bounded open interval o/K. Then for any open subin¬ 
terval A' C A and any / G 7i^(A), the following inequality holds: 

li/llL2(A) < c(A,A') (^|l/|li2(A') + II/1Il2(a)) ) 
where c(A, A') := max{2 -|- 16 (|A|/|A'|)^,4 |Ap}. 

Proof. Without loss of generality, we may suppose that A' := {—bl2, 5/2) with 
some positive 5. Define a function g on A by 


g{x) := 


2 \x\/b for |a:| < 5, 
1 otherwise. 


Let / be any function from Then {fg){0) = 0 and the Cauchy-Schwarz 

inequality gives 


\fix)g{xr<\x\ / \ifg)r<\A\\\ifgy\\hw 
Jo 

for any x G A. Now we write f = fg G- /(I — g) to get 

WfWhiA) < 2 WfgWh^A) + 2 11/(1 - 9)\\Ua) = 2 11/511W) + 2 I 


(18) 




Using the estimate ra and the fact that \g'\ = 2 |A'| ^ on A', we obtain the 
statement of the lemma. □ 


3.2 A local Hardy inequality 

Since a is continuous and has compact support there are closed intervals Aj 
such that 

supp (a) = [J Aj and | n | = 0 , i j , 

jGK 

where AT C N is an index set. The main result of this subsection is the following 
local type of Hardy inequality: 

Theorem 4. Let the assumptions of Theorem\^hold. For every j G K there is 
a positive constant aj depending on a t Aj such that for all ip G 7tJ(R x oj), 



(|92V’P + + Idifj-G (J dr'ipl'^ 


> OjX [ IcrV’P, (19) 

J A j x(. iu 


where A is the positive constant from Definition^ depending only on the geom¬ 
etry ofuj. 


8 


To prove Theorem 0] it will be useful to introduce the following quantities: 
Definition 2. For any M C R and ip S Td-oi^ ^ ^)’ define 

< := lIXMVVf - E, lIxMV'f , ■■= WxMadrf^r , 

■= WXMdi-tpf , 1^3 := - 2 ^{di'il!,XM(jdrip), 

where xm denotes the characteristic function of the set M x uj, V' denotes the 
gradient operator in the “transverse” coordinates (^ 2 ,^ 3 ) (ind (•,•) is the inner 
product generated by |j • ||. 

Note that is non-negative due to 03 and that we have 

l^f;] - El llV'f = If + If + + /2. (20) 

Let A be the union of any (finite or infinite) sub-collection of the intervals Aj. 
The following lemma enables us to estimate the mixed term if^. 

Lemma 3. Let the assumptions of Theorem\^ he satisfied. Then for each posi¬ 
tive numbers a and fi, there exists a constant Xa ,0 depending also on a \ A such 
that for any -0 S x lo), 

\lt,\ < ^o.,0lf + ali+fllf, 

where B := (inf A, sup^). 

Proof. It suffices to prove the result for real-valued functions 0 from the dense 
subspace (^“(R x to). We employ the decomposition 

ip{s,t) = Ji{t) 4>{s,t), (s,t)eRxw, ( 21 ) 

where J7i is a positive eigenfunction of the Dirichlet Laplacian on L^{uj) corre¬ 
sponding to El (we shall denote by the same symbol the function 1 ® Ji on 
R X oj), and 0 is a real-valued function from (^“(R x w), actually introduced 
by (1^ . Then 

If = WxAJlVff, If = \\XAa{Jldrf + fdrJl)\\\ 

if = > ifs = -2 {Jldl(t),XA<T {.Jldrf + fdrJl)) , 

where we have integrated by parts to establish the identity for if. Using 

< Cl |V' 0 p , with Cl := ||cr ( , 

and applying the Cauchy-Schwarz inequality and the Cauchy inequality with 
a > 0 , the first term in the sum of if 2 , can be estimated as follows: 

|2 (J'lai^, Ji drf) I < 2 V^JlfJlf <—lf + f; If . (22) 

V V a 2 


9 


In order to estimate the second term, we first combine integrations by parts to 
get 

\2[Jidi(t>,XAcr (t)drJi)\ = dr4>)\. 

Using 

< C 2 , with C 2 := ||d- f ^11^ , 

and the Cauchy-Schwarz inequality, we have 

\{(t>,XA^ dr(t))\^ < C2I1 \\xaJi(I>\? , 

Obviously, we can find an open interval A' G A such that there exists a certain 
positive number uo, for which 


cr(s) > CTo, Vs G A'. 


Lemma 12 tells us that 

WXAJA^f <\\XbJM^ < + \\xa'JM^) 

< c{B,A')[l^+aQ'^\\xA'(TJi(t>\?‘) ■ 

Moreover, for each fixed value of s G M we have cr(s) (^(s, •) G and 

therefore we can apply Lemma ^ to obtain 

IIXA' o-Jicjif < ||xACTji(/)f < + ||cr||L /i^) . 

Writing C 3 := C 2 c{B, A')\~^ , we conclude that 

|(</>,X^CTji^a^0)|^ < C3/i^(||cr||^/i^ + Acr^/2^+/;f) 

< + (23) 

for any /3 > 0 and Xa,i3 ■= maxiyci||cr||oo , 03 ( 2 / 3 )“^, CsAcrga"^}. Finally, 
combining i(23 with 123, the estimate for j/^gl follows by setting Xa ,(3 '■= 
%,/3 + 2cia“U □ 

Now we are in a position to establish Theorem 01 

Proof of Theorem^ We take A = Aj,a = l,(3< \ and keep in mind that 71^,3 
in Lemma 12 depends on j. We define 7(/3, j) := max{l/2, 71 ^, 3 }. Lemma|2then 
gives 



(IVVP + \dli’ + (TCirV'P 


-UilV^P) 


> - if' 

- 2 1 


1 - 


27(/3, j) 


(I: 



1 -/? rA, 

27(/3,j) ' 


10 




Since — |/^ 3 | > 0, we get from LemmaHtliat 

f {\Vi;\^ + \d,ij + adrM^-E,\^\^) 

J Aj X UJ 

> aj{\\a \ AjWl^lf^ +1^^) > aj\ j |cr 1 A|^ 

J X UJ 

where 

1 . f 1 1-/3] 

2““|||ar^,||L’7(/3,j)r 

□ 

Remark 1. Note that the Hardy weight on the right hand side of m cannot 
be made arbitrarily large by increasing ct, since the constant Uj is proportional 
to IjtT [■ 11^^ if the latter is large enough. We want to point out that this degree 

of decay of aj is optimal if the axes of rotation intersects u. Assume there exists 
an a < 2 , such that aj is proportional to \\a \ when \\a \ Aj||oo ^ oo. 

Consider a test function ■)/> of the form ■i/'(s,t) := g{s)f{t), where g G 
is supported inside Aj and / G T-Lq(lo) is radially symmetric with respect to 
the intersection of w with the axes of rotation. Then drip = 0 on Aj x co and 
therefore the left hand side of P|l is for this test function independent of a. 
Take a = na with a being a fixed function. The right hand side of then 
tends to inhnity as n —f oo which contradicts the inequality. 


3.3 Proof of Theorem El 

For applications, it is convenient to replace the Hardy inequality of Theorem^ 
with a compactly supported Hardy weight by a global one. To do so, we recall 
the following version of the one-dimensional Hardy inequality: 


■ dx < 4: / \v'{x)\'^ dx 


(24) 


for all V G (^“(K) with v{0) = 0. Inequality (1^ extends by continuity to all 
V G with '(;(0) = 0. 

Without loss of generality we can assume that sq = 0. Let J = [—b,b], with 
some positive number b, be an interval where \a\ > 0. Let / : R ^ K be defined 
by 


/(s) 


1 for |s| > 6 , 

\s\/b for |s| < 6 , 


and put / := / (g) 1 on R X w. For any ip G C“(R x uj), let us write ip = 
/^ + (1 - f)ip- Applying ^ to the function s {fip){s,t) with t fixed, we 
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arrive at 


/Rxcj 


1 + 


dsdt < 2 


|/(s)V'(s,t)|" 


/Rxo 


drsdt-\-2 1(1 — /)^| 

d Jxuj 


< 16 ||(9i/)V'f + 16 lIMV'f + 2 ||xj(l - /)V'f 


where xj denotes the characteristic function of the set J x oj. Theorem^ then 
implies that there exists a positive constant cq depending on a such that 

llXjV'f < (coA min|cr|)”^(Qo[V’] - EiW^iPf) . 


To estimate the second term we let A = supp (cr) and rewrite the inequality of 
Lemma 01 for /3 = 1 as 

7.-' 11^3 \<I^ + a 7-' li + 7.-' , 

where 7 ^ := max{l, 7 Q 4 } and a G (0,1). Substituting this inequality into (I20II . 
writing = 7 a ^ 4^3 + (1 “ 7 a 1^3 and employing + 4^3 > 0 , we 

obtain 

I 2 = WXBdiipf < 'Yc. (1 -a)"^ (QoM -EiW^f) . 

On the complement of B x w we have a trivial estimate 


\\Xr\b di-ipW^ < QolV'] - EiWiIjW^ . 


Summing up, the density of (^“(R x w) in x to) implies TheoremOlwith 


Ch > 


16 + 2b^ 

Co A minj |crp 


+ 16 



(25) 


4 Twisted bent tubes 

Here we develop a geometric background to study the Laplacian in bent and 
twisted tubes, and transform the former into a unitarily equivalent Schrodinger- 
type operator in a straight tube. At the end of this section, we also perform 
proofs of Theorems Q and |21 using Theorem 0 We refer to Section O for 
definitions of basic geometric objects used throughout the paper. 

While we are mainly interested in the curves determined by curvature func¬ 
tions of type m, we stress that the formulae of Sections [d.ll and Fd.21 are valid for 
arbitrary curves (it is only important to assume the existence of an appropriate 
Frenet frame for the reference curve of the tube, cf 0). 
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4.1 Metric tensor 

Assuming and using the inverse function theorem, we see that the mapping C 
introduced in m induces a C^-smooth diffeomorphism between the straight tube 
R X u; and the image 12. This enables us to identify 12 with the Riemannian man¬ 
ifold (R X uj, Gij), where (Gy) is the metric tensor induced by the embedding C, 
i.e. 

Gy := {d,C) ■ (djC) , 

with the dot being the scalar product in R^. 

Recall the Serret-Frenet formulae {cf [Ol Sec. 1.3]) 

ii = ICij Cj , jS {1,2,3}, (26) 

where the matrix-valued function (/Cy) has the skew-symmetric form 

/ 0 Kl 0 \ 

(/Cy) = -Ki 0 K2 . (27) 

V 0 -K 2 0 / 

Using and the orthogonality conditions = dpi,, we find 

+ hphp h2 hgX 

(Gy) = h2 10, (28) 

\ h3 0 1 / 

where 

h{s,t) := 1 — [t 2 cos 9{s) + sin 0 (s)] m (s ), 
h 2 {s,t) := -is [k 2 (s) - 0 (s)], 

■= t2 [k 2 (s) - 0 (s)] ■ 

Furthermore, 

G:=det(Gy) = /i2, 

which defines the volume element of (R x lo, Gij) by setting 

dvol := h{s, t) ds dt. 

Here and in the sequel dt = dt 2 dta denotes the 2-dimensional Lebesgue measure 
in to. 

The metric is uniformly bounded and elliptic in view of the first of the 
assumptions in ®; in particular, 0 yields 

0 < 1 — a ||ki||oo < h < 1-I-a ||ki||oo < oo . (29) 

It can be directly checked that the inverse (G*-’ ) of the metric tensor (I28II is 
given by 

2 / 1 -^2 -hs \ 

(^*') = 7;2 -^2 h^ + hl h2h3 . (30) 

y—^3 h^h2 h^ + h\j 
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It is worth noticing that one has the decomposition 

(G*^)=diag(0,l,l) + (5*^), 


( 31 ) 


where the matrix (5'*-^) is positive semi-definite. 

4.2 The Laplacian 

Recalling the diffeomorphism between K. x w and given by £, we identify the 
Hilbert space with L^(K. x w,(ivol). Furthermore, the Dirichlet Lapla¬ 

cian —Ap is unitarily equivalent to the self-adjoint operator Q associated on 
L^(]R X u!,dvo\) with the quadratic form 

q[ip] := f {ditp)G’‘^ {djtp) dvol, '0 G D{q) := 7fo(M x uj,dvol). (32) 


We can write Q = dj in the form sense, which is a general 

expression for the Laplace-Beltrami operator in a manifold equipped with a 
metric (G^). 

Now we transform Q into a unitarily equivalent operator Q acting in the 
Hilbert space L^(]R x w), without the additional weight G^/^ in the measure of 
integration. This is achieved by means of the unitary operator 

U : L^{R X w, dvol) ^ L^{R x u) : ^ ■ 

Defining Q = U it is clear that Q is the operator associated with the 

quadratic form 

q[^] ■- g[G"^/'‘V'], V' e D{q) := nl{R x w). 

It is straightforward to check that 

q[i;] = + {i,, {d,F)G^^ (djF) V>) + 2 3? G*^' {d^F) V^), (33) 

where 

F := log(Gi/^). 


4.3 Proof of Theorems [T] and [U 

Let us first prove Theorem ^ Putting a := K 2 — S, we observe that is 
equal to q after letting k := ||ki||oo + ll'^illoo equal to zero in the latter form. 
Hence, the proof of Theorem ^ reduces to a comparison of these quadratic 
forms and the usage of Theorem 0 Let (G(/) be the matrix after letting 
Ki = 0, i.e. with h being replaced by 1 while /12 and hs being unchanged; then 
= idi^P,Gg^djtlj). 

We strengthen the first of the hypotheses 0 to 

||ki||oo < l/(2a), 
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so that we have a uniform positive lower bound to h, namely h > 1/2 due 
to It is straightforward to check that we have on K x w the following 

pointwise inequalities: 

max IG*-’ — Gn I < Gi fc x/ , 

max \d^F\<C 2 kxi, 
iG{l,2,3} 

where xi denotes the characteristic function of the set I x uj and 

Cl := 6a (l + a ||k 2 — 0||oo) ; G 2 := 1 + a (l + ||0||oo) • 

At the same time, 

C 3 - 1 1 < (Gj/) < G 3 1, 

in the matrix-inequality sense on R. x w, where 1 denotes the identity matrix 
and 

G 3 := 1 -l- a IIK 2 — 0 || 00 + 11^2 ~ ^ 11 ^ ■ 

Consequently, we have the following matrix inequality on R x ta: 

{1-Cik x/)(Gj/ ) < (G*^ ) < (1 + G 4 fc x/)(G;^ ) , 
where G 4 := 3 G 1 G 3 . Finally, if we assume that fc < 1 we have 

mF)G^^id,F)\<Ciexi, (34) 

where G 5 := G 2 v^ 3 G 3 (l -I- G 4 ). 

Let Ip be any function from 7io(R x ui). First we estimate the term of 
indefinite sign on the right hand side of as follows: 

2 \?Si{d.iP,G^^{d,F)iP)\ < 2 C,k(xi[i^)G^\djP 2 f^\xim) 

<Clk llx/V'f + k {dipj, XI G’-^djtp) . 

Here the first inequality is established by applying the Cauchy-Schwarz inequal¬ 
ity to the inner product induced by G®^ and using m- The second inequality 
follows by the Cauchy-Schwarz inequality in the Hilbert space L^(R x oj) and 
by an elementary Cauchy inequality. Consequently, 

q[ip]> {d^tp,{l-C 6 kxi)G}/djtp)-CrkWxiipf , (35) 

where Cq := 1 + C 4 and G 7 := 2G|. 

Assume k < Cq^, using the decomposition of the type m for the ma¬ 
trix (g;^), neglecting the positive contribution coming from the correspond¬ 
ing matrix (Sq), using the Fubini theorem and applying (I17II to the function 
ip := /jj i/l — Cq kxi{s)'tp{s, •) ds, we may estimate as follows: 

q[4>] - AillV'f > (1 - Ge k)miP] - AillV^f) - {CeEi + Cr) k Hx/V'f ■ 


15 




Applying Theorem O to the right hand side of the previous inequality, we have 

- AillV'f > [ — ^^^^-{CeEi+C7)kxi{s)\\tlj{s,t)\'^dsdt, 

Jrxlo\^ +[s - soY ) 

where Ch is the Hardy constant of Theorem 0 This proves that the threshold 
of the spectrum of Q (and therefore of —A^) is greater than or equal to Ex for 
sufficiently small k. 

In order to show that the whole interval [ifi,oo) belongs to the spectrum, 
it is enough to construct an appropriate Weyl sequence in the infinite straight 
ends of H. This concludes the proof of Theorem ^ 

The proof of Theorem |21 is exactly the same, provided one chooses a := 6 
and k := ||ki||oo + ll^illoo + ||'«2||oo- Indeed, all the above estimates are valid 
with (Gq ) being now the matrix (lilOII after letting both ki and K2 equal to zero, 
and with Ci and G 3 being replaced by 

Cl := 6 a (1 + a ||k 2 ||oo + a || 0 ||oo)^ , G 3 := max{ 2,1 + 2 a^ ll^liL} > 

respectively. Here Gi can be further estimated by a constant independent of K 2 
provided one restricts, e.g., to ||k 2 ||oo < l/o- 


5 Conclusions 

We established Hardy-type inequalities for twisted 3-dimensional tubes. As an 
application we showed that the discrete eigenvalues of the Dirichlet Laplacian 
in mildly and locally bent tubes can be eliminated by an appropriate twisting. 
However, we would like to point out that for a — 9, Theorems 13 and 0 can be 
used to prove certain stability of transport in straight twisted tubes also against 
other types of perturbations. For example against a local enlargement of the 
straight tube, mentioned in Introduction, or in principle against any potential 
perturbation which decays at least as 0 {s~‘^) at infinity, where s is the longitu¬ 
dinal coordinate of the straight tube. The required decay at infinity is related to 
the decay of the Hardy weight in Theorem|21 and cannot be therefore improved 
by our method. The quadratic decay of the Hardy weight is determined by the 
classical inequality (1^ and is typical for Hardy inequalities for the Laplace 
operator. 

For straight twisted tubes, the Hardy weight in the local inequality llhll of 
Theorem0|is given in terms of the the function 0 and the constant A. Roughly 
speaking, the first tells us how fast the cross-section rotates, while the latter 
“measures” how much the cross-section differs from a disc. The actual value 
of A depends of course on the geometry of lo. 

The example of bent twisted tubes is of particular interest, since it shows 
the important role of the torsion. Namely, Theorem Q] tells us that, whenever 
0 7 ^ K 2 , the discrete eigenvalues in mildly curved tubes can be eliminated by 
torsion only. Note that Theorem ^ also provides a better lower bound to the 
spectrum in mildly bent tubes than that derived in 0. 
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Theorems ^ and |21 were proved for tubes about curves determined by 
This restriction was made in order to construct the tube uniquely from given 
curvature functions by means of a uniquely determined Frenet frame. However, 
Theorems ^ and |5| will also hold for more general classes of tubes, namely, 
for those constructed about curves possessing the distiguished Frenet frame 
and with curvatures decaying as 0(s“^) at infinity, where s is the arc-length 
parameter of the curve. 

At least from the mathematical point of view, it would be interesting to 
extend Theorem ^ to higher dimensions. Here the main difficulty is that a in 
the form analogous to OSl) will be in general a tensor depending also on the 
transverse variables t. Nevertheless, a higher dimensional analogue of Theorem[21 
is easy to derive along the same lines as in the present paper, provided one 
restricts to rotations of the cross-section just in one hyperplane. 

Summing up, the twisting represents a repulsive geometric perturbation in 
the sense that it eliminates the discrete eigenvalues in mildly curved waveguides. 
Regarding the transport itself, an interesting open question is whether this also 
happens to the singular spectrum possibly contained in the essential spectrum. 


A Injectivity of the tube mapping 

Let us conclude the paper by finding geometric conditions which guarantee the 
basic hypotheses ®. 

The first condition of ensures that the mapping C is an immersion due 
to (EHll . The second, injectivity condition requires to impose some global hy¬ 
potheses about the geometry of the curve. Our approach is based on the fol¬ 
lowing lemma: 

Lemma 4. Let F be determined by the curvature functions m- Then for every 
i G {1, 2,3} and all si,S 2 € M, 


|ej(s2) - ej(si)| < min{|s2 - si|, |/|} , 


where 

{ 11^1 II oo if i = ^, 

||^l||oo“t“||^2||oo if i ^5 

||k2||oo if i = 3- 

Proof. It follows from the Serret-Frenet equations and m that 

|ei(s2) - ei(si)| < 2 



fS2 


rS2 

< 2 

/ |e,| 

< 2fc, 

/ 


J Si 


J Si 


which immediately establishes the assertion. 

As a consequence of Lemma 01 we get the inequality 

e.(s2)-6,(51) > iG{l,2,3}. 


□ 

(36) 
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In particular, since e\ is the tangent vector of F, we obtain that the curve is not 
self-intersecting provided |/|||ki||oo < 1- A stronger sufficient condition ensures 
the injectivity of L\ 

Proposition 1. Let F he determined by the curvature functions m- Then the 
hypotheses W hold true provided 

max{4|/p||Ki||^, 4 o(||ki||oo + ||k2||oo)} < 1- 

Proof. The idea is to observe that it is enough to show that the mapping Ft 
from R to defined by 

rt(s) := r(s) -f tf, TZf,^{s) e^{s) 

is injective for any fixed t G R.^ such that |t| < a and arbitrary matrix-valued 
function '■ R ^ SO(2). Let us assume that there exist si < S 2 such that 

Ft(si) = Ft(s 2 ). Then 

0 =F(s2)-F(si) 

“t“ I e,y(si) -t- 'P.fj,i/{s2') [ 61 /( 52 ) 6i/(si)j j" . 

Taking the inner product of both sides of the vector identity with the tangent 
vector ei(si) and writing the difference F(s 2 ) — F(si) as an integral, we arrive 
at the following scalar identity 

pS2 

0 = / ei(si) • ^^7^^,/(s2) [ei/(s2) - e,/(si)] • ei(si). 

J Si 

Applying Lemma 0] together with the first inequality of (IHhll . recalling the or¬ 
thogonality of (Ti-fiv) and using obvious estimates, we obtain 

0> (S 2 -S 1 ) {l- 2 \lfkl- 2 ak 2 ). 

This provides a contradiction for curves satisfying the inequality of Proposition, 
unless Si = 52 - □ 

Remark 2. The ideas of this Appendix do not restrict to the special class of 
tubes about curves determined by ©• Indeed, assuming only the existence 
of an appropriate Frenet frame for the reference curve (c/ 0), more general 
sufficient conditions, involving integrals of curvatures, could be derived. 
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